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Abstract 

Well known methods of measure theory on infinite dimensional spaces 
are used to study physical properties of measures relevant to quantum field 
theory. The difference of typical configurations of free massive scalar field 
theories with different masses is studied. We apply the same methods to 
study the Ashtekar-Lewandowski (AL) measure on spaces of connections. 
In particular we prove that the diffeomorphism group acts ergodically, 
with respect to the AL measure, on the Ashtekar-Isham space of quan- 
tum connections modulo gauge transformations. We also prove that a 
typical, with respect to the AL measure, quantum connection restricted 
to a (piecewise analytic) curve leads to a parallel transport discontinuous 
at every point of the curve. 
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I Introduction 

Path integrals play an important role in modern quantum field theory. The 
application in this context of methods of the mathematical theory of measures 
on infinite dimensional spaces is due to constructive quantum field theoristsEfU. 
With the help of these methods important physical results have been obtained, 
especially concerning two and three dimensional theories. Recently analogous 
methods have been applied within the framework of Ashtekar non-perturbatpzE 
quantum gravity to give a rigorous meaning to the connection representation! 
solve the diffeomorphism constrainttll and define the Hamiltonian constraintli3~li3. 
These works all crucially depend on the use of (generalized) Wilson loop vari- 



ables which have been considered for the first time, within a H. 



liiltnnian for- 



me 

mulation of gauge theories, by Gambini, Trias and collaboratorsli3c2 ^3 and were 
rediscovered for canonical quantum gravity by Rovelli and SmolinE3. In fact, 
instead of working in the connection representation for which Wilson loops are 
just convenient functions, one can use a so-called loop representation (see Ref. 23 
and references therein) by means of which a rich arsenal of (formal) results was 
obtained which complement those obtained in the connection representation. 
For previous works on measures on spaces of connections see e.g. Refs. 24 and 
25. 

The present paper has two main goals. The first consists in studying physical 
properties of the support of the path integral measure of free massive scalar 
fields. We use a system with a countable number of simple random variables 
which probe the typical scalar fields over cubes, with volume L d+1 , placed far 
away in (Euclidean) space-time. With these probes we are able to study the 
difference between the supports of two free scalar field theories with different 
masses. The results that we obtain provide a characterization of th£_Kupports 
which is physically more transparent than those obtained previouslyc3"EI 

Our second goal consists in providing the proof of analogous results for the 
Ashtekar-Lewandowski (AL) measure on the space A/Q of quantum connections 
modulo gauge transformationsOu. First we prove that the group of diffeomor- 
phisms acts ergodically, with respect to the AL measure, on A/Q. Second we 
show that the AL measure is supported on connections which, restricted to a 
curve, lead to parallel transports discontinuous at every point of the curve. 

Quantum scalar field theories have been intensively studied both from the 
mathematical and the physical point of view. Divergences in Schwinger func- 
tions (which, in measure theoretical terminology, are the moments of the mea- 
sure) are directly related with the fact that the relevant measures are supported 
not on the space of nice smooth scalar field configurations, that enter the classi- 
cal action, but rather on spaces of distributions. This gives a strong motivation 
for more detailed studies of the support of relevant measures. In physical terms 
this corresponds to finding "typical (quantum) scalar field configurations" , the 
set of which has measure one. 

The present paper is organized as follows. In section Owe recall some results 
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from the theory of measures on infinite dimensional spaces. Namely Bochner- 
Minlos theorems are stated and the concept of ergodicity of (semi-)group actions 
is introduced. In section III we study properties of simple measures: the count- 
able product of identical one-dimensional Gaussian measures and the white noise 
measure. In the first example we illustrate the disjointness of the support of 
different measures, which are invariant under a fixed ergodic action of the same 
group. For the white noise measure we choose random variables which probe 
the support and which will be also used in section IV to study the support of 
massive scalar field theories. In section [v] we obtain propertiesjpf the support of 
the AL measure that complement previously obtained resultsu and prove that 
the diffeomorphism group acts ergodically on the space of connections modulo 
gauge transformations. In section 



VI we present our conclusions. 



II Review of Results From Measure Theory 
II. 1 Bochner-Minlos Theorems 

In the characterization of typical configurations of measures on functional spaces 
the so called Bochner-Minlos theorems play a very important role. These theo- 
rems are infinite dimensional generalizations of the Bochner theorem for proba- 
bility measures on M. N . Let us, for the convenience of the reader, recall the latter 
result. Consider any (Borel) probability measure \x on R w , i.e. a finite measure, 
normalized so that /i(K w ) = 1. The generating functional °f this measure 
is its Fourier transform, given by the following function on R N (= (R w )', the 
prime denotes the topological dual, see below) 

J M 

where (A,x) = YljLi ^ x j- Generating functionals of measures satisfy the fol- 
lowing three basic conditions, 

(i) Normalization: x(0) = 1; 

(ii) Continuity: \ is continuous on R w ; 

(Hi) Positivity: J2Ti=i c kCix(^k — A/) > 0, for all m £ N, ci,...,c m £ C and 
Ai, A m £ M JV . 

The last condition comes from the fact that > 0, for f(x) — J^T Cke l ( Xk ' x \ 

where || • || M denotes the L 2 (1H N , dfi) norm. The finite dimensional Bochner 
theorem states that the converse is also true. Namely, for any function \ on K W 
satisfying (i), (ii) and (Hi) there exists a unique probability measure on M. N 
such that x is its generating functional. 
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Both in statistical mechanics and in quantum field theory one is interested 
in the so-called correlators, or in probabilistic terminology, the moments of the 
measure //, 

< ( Xil r... ( Xik y* > : = f d(,(x)( Xil r... ( Xtk r . m 

For the correlators of any order to exist the measure /x must have a rapid decay 
at a;— infinity, in order to compensate the polynomial growth in (|^) (examples 
are Gaussian measures and measures with compact support). In the A-space the 
latter condition turns out to be equivalent to x being infinitely differentiable 
(C°°). The correlators are then just equal to partial derivatives of x & t the 
origin, multiplied by an appropriate power of — i. 

Let us now turn to the infinite dimensional case. The role of the space of 
A's will be played by S(R d+1 ), the Schwarz space of C°° -functions on (Eu- 
clideanized) space-time with fast decay at infinity. So we have the indices 
A(i) :— X 1 replaced by f(x). The space 6>(R d+1 ) has a standard (nuclear) 
topology. Its elements are functions with regularity properties both for small 
and for large distances. The physically interesting measures will "live" on spaces 
dualto l S(R d+1 ). Consider the space S (R d+1 ) of all continuous linear function- 
als on <S(R d+1 ) (i.e. the topological dual of 6>(R d+1 )). This is the so called space 
of tempered distributions, which includes delta functions and their derivatives, 
as well as functions which grow polynomially at infinity. We will consider also 
the even bigger space iS°(R d+1 ) of all linear (not necessarily continuous) func- 
tional on <S(R d+1 ). Then the simplest generalization of the Bochner theorem 
states that a function x(f) on <S(K d+1 ) satisfies the following conditions, 

(«') Normalization: x(0) = 1; 

(ii') Continuity: x is continuous on any finite dimensional subspace of 5(R d+1 ); 
(Hi') Positivity: YHk,i=i c k~cix{fk ~ fi) > 0, for all raeN, ci,...,c m € C and 

A,..., / m e«S(R d+1 ), 

if and only if it is the Fourier transform of a probability measure jj, on S a (R d+ 1 ) , 
i.e. 

x(f) = I d+1 . (3) 

The topology of convergence on finite dimensional subspaces of 5(R d+1 ) is 
unnaturally strong. Demanding in (ii') continuity of x with respect to the much 
weaker standard nuclear topology on ^(Rit 1 ) yields a measure supported on 
the topological dual S'(R d+1 ) of S(R d+1 )El. This is the first version of the 
Bochner-Minlos theorem. Further refinement can be achieved if x is continuous 
with respect to a even weaker topology induced by an inner product. We present 
a special version of this result, suitable for the purposes of the present work; 
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for different, more general formulations sec Rcfs. 3 and 32. Let P be a linear 
continuous operator from <S(R d+1 ) onto <S(R d+1 ), with continuous inverse. Sup- 
pose further that P is positive when viewed as an operator on L 2 (R d+1 , d d+1 x) 
and that the bilinear form 

< fi, h >pi/ 2 := (P 1/2 fi,P 1/2 .f2) , fi,f 2 G S(R d+1 ) (4) 

defines an inner product on S(R d+1 ), where ( , ) denotes the L 2 (R d+1 , d d+1 x) 
inner product. Let \ satisfy (i'), (in') and be continuous with respect to the 
norm associated with the inner product < , > P i/2 . Natural examples are pro- 
vided by Gaussian measures \ic with covariance C and Fourier transform 

Xc(f) = e-WV , ( 5 ) 

in which case one can take the positive operator P to be the covariance C itself. 
A particular case is the path integral measure for free massive scalar fields with 
mass m, which is the Gaussian measure with covariance 

C m = (-A + m 2 y 1 , (6) 

where A denotes the Laplacian on R d+1 . In the general (not necessarily Gaus- 
sian) case let r H P i/2 (Hp-1/2) denote the completion of <S(R d+1 ) with respect 
to the inner product < , > P i/2 (< , > P -i/2). Then the measure on S (R d+1 ) 
corresponding to \ is actually supported on a proper subset of S (R d+1 ) given 
by an extension of Hp-1/2 defined by a Hilbert-Schmidt operator on H.pi/2. We 
see that in the scalar field case H c -i/2 is the space of finite action configurations 
and therefore typical quantum configurations live in a bigger space. In order to 
define the extension mentioned above, recall that an operator H on a Hilbert 
space is said to be Hilbert-Schmidt if given an (arbitrary) orthonormal basis 
{efe} one has 

00 

^^<He kl He k > < 00. 

fe=i 

Given such a Hilbert-Schmidt operator H on TH.pi/2, which we require to be 
invertible, self-adjoint and such that H(S(R d+1 )) C 5(R d+1 ), define the new 
inner product < , > P -i/2 H on 5(R d+1 ) by 

< /1, h >p-U2 H := (P-^Hf^p-^Hh) , h,f 2 e S(R d+1 ). (7) 

Consider Hp-1/2 H , the completion of 5(R d+1 ) with respect to the inner prod- 
uct < , > P -i/2 H , and identify its elements with linear functionals on 6>(R d+1 ) 
through the L 2 (R d+1 , d d+1 x) inner product. Under the above conditions, the 
(second version of the) Bochner-Minlos Theorem states that 
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(Bochner-Minlos) A generating functional \, continuous with respect 
to the inner product < , > P i/ 2 , is the Fourier transform of a unique 
measure supported on H. P -i/2 Hl for every Hilbert-Schimdt operator H on 
Hpi/2 such that 5(R d+1 ) C Rani?, iJ" 1 ( l S(R d+1 )) is dense and R- 1 : 



50 



is continuous. 



In section [II. 1 we will also use an obvious adaptation of this result to the space 
of infinite sequences K N . 

A common feature of the two versions of the Bochner-Minlos theorem is 
that they give the support as a linear subspace of the original measure space. 
Nonlinear properties of the support have to be obtained in a different way. In 
particular one can show (see section III. 2) that the white noise measures with 



and 



Xa 2 {f) ■ = 



= e -¥(/./) 



(8) 
(9) 



have disjoint supports for cr±, 02 > and u\ 7^ 02, while Bochner-Minlos theorem 
would give the same results in both cases. 



II. 2 Ergodic Actions 

We review here some concepts and results from ergodic theorySS. Let ip 
denote an action of the group G on the space M, endowed with a probability 
measure /1, by measure preserving transformations ip g : M — > M , g £ G, i.e. 
(f g ,H = n , Vg e G or, equivalently, for every measurable set A C M and for 
every g G G, the measure of A equals the measure of the pre-image of A by ip g . 
The action <p is said to be ergodic if all G-invariant sets have either measure 
zero or one. The fact that ip is measure preserving implies that the (right) linear 
representation U of G on L 2 (M, d/i) induced by ip 

{U g ^){x):=ip{<p g x) (10) 

is unitary. The action tp on M is ergodic if and only if the only t/c-invariant 
vectors on L 2 (M, d/j,) are the (almost everywhere) constant functions. This 
follows easily from the fact that the linear space spanned by characteristic func- 
tions of measurable sets (equal to one on the set and zero outside) is dense in 
L 2 (M, d/J,) . The above also applies for a discrete semi-group generated by a sin- 
gle (not necessarily invertible) measure preserving transformation T, in which 
case the role of the group G is played by the additive semi-group N, T being 
identified with ip±. Notice that in the latter case the linear representation on 
L 2 (M, d/i) may fail to be unitary, although isometry still holds. For actions, of 
K and N, respectively, the following properties are equivalent to ergodicitjO 



lira — I ill 1 •{ s 1 .r { ,\ = J d(J,{ .r ) ( 'f.r ) (Ha) 



+00 2r 
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1 f 

J im »n 1 E HfnXo) = / dfj,(x)ip(x) , (lib) 

N^oo iV + 1 ^ J M 

where <p n := 93" and the equalities hold for /z-almost every £0 and for all ijj G 
L 1 (M, c?/i). One important consequence of (11) is that if fii and ^2 are two 
different measures and a given action ip is ergodic with respect to both ji\ and 
ji2 then these measures must have disjoint supports (points xq for which (11) 
holds). Recall also that the action of R and N, respectively, is called mixing if 
for every if>i , 1P2 € L 2 (M, dp) we have 

lim < i/Ji,U t i/j 2 > = < >< l,ip2 > , (12a) 

t— >CO 

lim < ^i,U n ^ 2 > = < i>i,l >< > ■ (12b) 

n — >oo 

It follows from (12) that every [/-invariant L 2 (M, d/x)-function is constant al- 
most everywhere and therefore every mixing action is ergodic (see Ref. 33 for 
details). If M is a linear space then (11) gives a non-linear characterization of 
the support. Indeed if x\ and x-i are typical configurations, in the sense that 
(11) holds for them, then x\ + X2 and Xx\ for A ^ 1, are in general not typical 
configurations. The nonlinearity of supports is best illustrated by the action of 
N on the space of infinite sequences endowed with a Gaussian measure that we 
recall in the next subsection. 



Ill Support Properties of Simple Measures 

III.l Countable Product of Gaussian Measures 

We will consider here the simplest case of a Gaussian measure in an infinite 
dimensional space. We will see however that many aspects of Gaussian measures 
on functional spaces can be rephrased in this simple context. 
Let M = R N , the set of all real sequences (maps from N to R) 

X = {xi,X 2 , ■ ■ ■} 

and consider on this space the measure given by the infinite product of identical 
Gaussian measures on R, of mean zero and variance p 

d, p {x)-f{e^^=- (13) 

n=l * " 

As we saw above, an equivalent way of defining \i p is by giving its Fourier 
Transform. Let 

<y,z> vl5 := p(y,z) , y,z^S, (14) 
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where (y, z) = X)^Li VnZ n and S is the space of rapidly decreasing sequences 

oo 

S := | y eM™ : n k y 2 n < oo , V/c> o} . 

n=l 

Then 

Xp (2/) := e -*<™>V* = J e^dfi p (x) , (15) 

where y € 5, x G M N . 

Consider now the ergodic (in fact mixing) action y> of N generated by T = 

fe>i(a;))„ :=x n+ i , xeR N (16) 

which, as we will see, is a discrete analogue of the action of R by translations on 
the quantum configuration space of a free scalar field theory. The transformation 
tpx is clearly measurable and measure preserving, since all the measures in the 



product (13) are equal. It is also not difficult to see that ip is mixing. In 
fact, invoking linearity and continuity, one only needs to show that (12b) is 
verified for a set of L 2 -functions whose span is dense. The functions of the form 
exp(i(y, x)), y € S form such a set, and one has for them 

lim <e^ v > x \U n e l(z - x) > = e -^ <z ' z> ^ +<v ' y> ^) 

n — >oo 

= < e i( - v ' x \l >< l,e*<*' B > > , Wy,zeS, 

where, in the first and last terms, < , > denotes the L 2 (IR N ,d/i p ) inner product 
and U denotes the isometric representation associated with if. Thus, tp is an 
ergodic action with respect to /i p , for any p. Of course, p ^ p' implies p p ^ p p > 
and one concludes that p p and p, p i must be mutually singular (i.e. have disjoint 
supports). In fact, taking in (lib) ip(x) = exp(i(y, x)) for both p p and p, p i leads 
to a contradiction, unless a xo satisfying (lib) for both p p and \x p i cannot be 
found. 

The aim now is to find properties of typical configurations which allow to 
distinguish the supports of p p and /i p < . Unfortunatelly the Bochner-Minlos 
theorem cannot help, due to the fact that the inner products (|l4|), that define the 
measures p p and [i p i via (p^|), are proportional to each other and therefore the 
corresponding extensions in the Bochner-Minlos theorem are equal: H p -i/2 H — 
H p ,-i/2 H (= H H ) for any p,p'. 

Let us now find a better characterization of the support, for which the mutual 
singularity of p p and [i p i becomes explicit. In order to achieve this we use a 
slight modification of an argument given in Ref. 1, that provides convenient sets, 
both of measure zero and one. 

Proposition 1 Given a sequence {Aj}, Aj > 1 the fi p -measure of the set 



is one 



Z p ({Aj}) := {x : 3N X € N s.t. \x n \ < v /2 j olnA n , for n > N x } (17) 
(zero) if 1/ (Aj -^/ln Aj ) converges (diverges). 
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This can be proven as follows. For fixed integer TV and positive sequence {A,,} 
define sets Zjy({Aj}) by 

^({A,}) := {x : \x n \ < A„ , for n > N} (18) 

The /Ltp-measure of each of these sets is 



n«(&) 



p p {Z N {{kj})) = Erf , (19) 



n=N 



where Erf(x) = e ~^ d£, is the error function. The sequence of sets 

ZpfjJAj}) is an increasing sequence for fixed {Aj}, and the set Z p ({Aj}) defined 
in ( jl7| ) is just their infinite union, for Aj = exp(A|/2p) : 

Z P ({A 3 }) = |J ^({A,}) . (20) 
From CT-additivity one gets 



p Jp {Z p {{A j })) = lim ^(^({A,})) (21) 

N— »oo 



and therefore 



3G 



VpiZpdAj})) = exp ( Jim £ ln(Erf(\/m A„)) . (22) 



N- 

\ n—N 



Notice that the exponent is the limit of the remainder of order N of a series. 
Since only divergent sequences {Aj} may lead to a non-zero measure, one can 
use the asymptotic expression for Erf (a;), which gives 



p P (Z p ({A 3 })) = exp I - lim £ ; I . (23) 

Depending on the sequence {Aj}, only two cases are possible: either the series 
exists, or it diverges to plus infinity, since Aj > 1 ,Vj. In the first case the limit 
of the remainder is zero, and so the measure of Z p ({Aj}) will be one. If the 
sum diverges so does the remainder of any order and therefore the measure of 
Z p ({Aj}) is zero. □ 

Let us now discuss the meaning of this result. To begin with, it is easy to 
present disjoint sets A, A' s.t p> p (A) = 1, p p >(A) = and fJ> p (A') — 0, p, p <(A') = 
1, for p 7^ p'. Without loss of generality, take p — ap' , a > 1. The set Z p ({n}) 
has ^-measure zero, since l/(«Vhin) diverges. But Z p ({n}) = Z p >({n a }) 



1 



(see (|I7|)) and Z p '({n a }) has ^ p '-measure one, since l/(n a \ / \nn a ) converges, 
for a > 1. On the other hand the sets Z p ({n 1+e }) are such that 

p p (Z p ({n^})) = p p ,(Z p ({n^})) = 1 , Ve > 
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and since Z p ({n}) C Z p ({n 1+e }), Ve > 0, the difference sets 

A p := Z p ({n 1+e })\Z p ({n}) (24) 

are such that p, p (A p ) = 1 and p p '(A p ) — , Ve > 0. 

Notice that the "square-root-of-logarithm" nature of the support A p of /i p 
does not mean that the typical sequence x approaches \J2p Inn, as n — > oo. To 



clarify this point let us appeal to the Bochner-Minlos Theorem (see section Q.l). 
Take Hpi/i to be £ 2 , the completion of S with respect to the inner product ( , ) : 

oo 

^{^M" : £^ < oo}. 
n=l 

Consider a vector a = {a\,a^, ■ ■ •} S ^ 2 and a Hilbert-Schmidt operator i/ a 
defined by 

(H a (x)) n := a n x n , i£l 2 . (25) 

Then the Bochner-Minlos Theorem leads to the conclusion that a typical se- 
quence x in the support of the measure must satisfy 

oo 

£ fix* < °° , (26) 

n=l 



which is certainly not true for a sequence behaving asymptotically like \/2plrin, 
if we choose appropriately a£< 2 . However, the Bochner-Minlos theorem does 
not forbid the appearance of a subsequence behaving asymptotically even worse 
than \J2phin. Therefore proposition [j] means that in a typical sequence {x n } 
no subsequence {x 7lk } can be found such that, Vn^, \x nk \ > y/2(l + e)pliink, 
for any arbitrary but fixed e greater than zero, and that one is certainly found 
if e is taken to be zero. But this subsequence is rather sparse, as demanded 
by Bochner-Minlos Theorem; from a stochastic point of view the occurrence 
of values \x n \ greater than \J2p Inn is a rare event. The typical sequence in 
the support is one that is generated with a probability distribution given by 
the measure. The measure in this case is just a product of identical Gaussian 
measures in R, so the typical sequence is one obtained by throwing a "Gaussian 
dice" an infinite number of times. 

Notice that a typical p p > sequence can be obtained from a p p typical sequence 
simply by multiplying by yj p' j p. This follows from the fact that the map 
x h ~ > V P' I P x is a isomorphism of measure spaces (R N ,/i p ) — > (R v ,p p >). 

III. 2 The White Noise Measure 

We consider now the so called "white noise." measure, which in some sense is the 
continuous analogue of the previous caseu. Again, we will look for convenient 
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sets of measure one, in the sense given in section [II. 1. This will be achieved 
by a proper choice of random variables, i.e. measurable functions, which will 
reduce the present case to the previous discrete one. 



As mentioned in section II. 1 the d+l-dimensional white noise is the Gaussian 
measure [i a with Fourier transform Xa-(f) — exp(— <j/2(f, /)). Notice that here 
a has dimensions of inverse mass squared. 

The Euclidean group E acts on S(R d+1 ), S'(R d+1 ) and (unitarily) on 
L 2 {S' (R d+1 ), d/i CT ) respectively by 

(&/)(*) - fig-'x), 

(^)(/) = ^ g -x/), (27) 

where g £ £, gx denotes the standard action of £ on R d+1 by translations, ro- 
tations and reflections, / € S(R d+1 ), (f> G 5'(R d+1 ) and i> G L?(S' (R d+1 ), d\i a ). 

It is easy to see that a subgroup of translations in a fixed direction, say the 
time direction, is mixing. One just has to consider the set with dense span of L 2 - 
functions of the form exp(i <j)(f)), f G iS(R d+1 ) and use the Riemann-Lebesgue 
Lemma to prove that 



t- 



lim / f(x Q +t,...,x d ) g(x , ...,x d ) d d+1 x = , V/, g € S(R d+1 ) . (28) 



This implies that the measures \i„ and fi a i for a/d' have disjoint supports, even 
though the Bochner-Minlos theorem gives us for the support in both cases an 
exten sion of L 2 (R d+1 , d d+1 x) through an Hilbert-Schmidt operator (see section 



[II. 1 ). Since the choice of a complete ( , )-orthonormal system {/„} gives us a 



isomorphism of measure spaces 

(S'(R d+1 ),/v) -> (RVp)| p „ 

4> ^ Wn)}, (29) 

for every such basis one can find sets of the type of those found in the previous 
subsection and which put in evidence the mutual singularity of /v and . 
However, for the convenience of our analysis of free massive scalar fields in the 
next section, let us study the x-behavior of typical white noise configurations 
<p. Since 

S x : 4>^4>{x) (30) 

is not a good random variable, we fix in R d+1 a family of non-intersecting cubic 
boxes, {Bj}j^_ 1 , with sides of length L. Then the mean value of 4> over Bj is a 
well defined random variable 

F Bj : <f> ^ F B] {4>) ee Wj) = J_ f <t>tx)d d+1 x , (31) 
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where fj denotes the characteristic function of the set Bj divided by the volume 
L d+1 , and the map 

S'(R d+1 ) -> M N 

4> -> Wj)} (32) 



defines (by push-forward) a measure on E N of the form (|§ with p = a/L d+1 . 
This can be seen from the fact that 



f °° (t y 

JS' (R d+1 ) ^ 5 VM) ^ = ° XP (~ L^ 1 



(33) 



We then conclude from section III. 1 that the sets 

Wl := {4> e S'(K d+1 ) : e N s.t. 

< ^(l + e)^/^ 1 )^^ farn>ify} (34) 

have /i CT -measure one for every positive e, and that for a' > a an e(cr') > can be 

found such that ^ <T /(W^ <7 ') = 0. This shows that the supremum of the mean 
value of d> over N boxes with volume L + goes like v /2(l + e)(cr/L d + 1 )lniV. 
A white noise with a bigger variance a' > a has the latter behavior on larger 
boxes with volume L' d+1 = ^-L d+1 . 



IV Quantum Scalar Field Theories 

IV. 1 Constructive Quantum Scalar Field Theories 

Here we recall briefly some aspects of constructive quantum field theory that 
will be relevant for the next subsectiona. A quantum scalar field theory on 
d+ 1-dimensional (flat Euclideanized) space-time is a measure fj, on S (R. d+1 ) 
with Fourier transform \ (generating functional or x(.f) — Z(—if)/Z(0) in the- 
oretical physics terminology) satisfying the Osterwalder-Schrader (OS) axioms. 
We will be interested in the axioms which state the Euclidean invariance of the 
measure (OS2) and ergodicity of the action of the time translation subgroup 
(OS4), i.e. for g = T t : T t (t', x) = (t' + t, x), 

™ h j_ T WfaM =a.e. j s >, R d+U ^)M4) ■ (35) 

The action of the Eucli dean group on 5(]R d+:L ), S'(R d+1 ) and L 2 (S' (R d+1 ), dfi) 
is defined as in section III.2j . So OS2 states that ip g «fi — fi for all elements g of 



the Euclidean group £. Notice that OS2+OS4 imply that ergodicity under the 
subgroup of time translations is equivalent to ergodicity under the full Euclidean 
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group. The vacua of the theory correspond to Euclidean invariant vectors on 
L 2 (S (M d+1 ), dfi) and the axioms OS2 and OS4 imply that the vacuum is unique 
and given by the constant function. Examples of measures satisfying the OS 
axioms are the Gaussian measures (J,c m corresponding to free massive quantum 
scalar field theories (see eqs. (||||)). 



IV. 2 Support of Free Scalar Field Measures 

Since the Euclidean group £ acts ergodically on (S (M d+1 ), ^c m ) we conclude 
that the measures \ic m a nd ug r , (see eq. @) with m 7^ w! must have disjoint 



supports. Like in section [II. 2 we will characterize the difference of supports in 
terms of the mean value of <fi over a region with volume L d+1 . Before going into 
the details of the calculations notice that the map 

(5'(R d+1 ),/v) - (S'(R d+1 ),^c m ) 

$ ^ [a{-A + m 2 )]~ 1/2 (f> (36) 

is an isomorphism of measure spaces which maps typical white noise config- 
urations to typical [ic m -configurations. Heuristically this means that for big 
distances (Ax >> — ) or small momenta the correlation imposed by the kinetic 
term in the action is lost and the typical configurations approach those of white 
noise with a = -K. Let us now obtain a formal derivation of this fact as far 
as the x-space behavior of typical configurations of free massive scalar fields is 
concerned. 



Consider the same random variables Fbj as in section III. 2 but, in order 
to eliminate the correlation, the cubic boxes Bj will be chosen centered in the 

points — (x 3 Q , ■ ■■,x : ' d ) = (fr,0, ...,0) and with sides parallel to the coordinate 
axes. The push-forward of jjLc m with respect to the map 

S'(R d+1 ) -» M N 

1 * {#/,•)} (37) 

is a Gaussian measure HM m m ^ N with covariance matrix M m given by 

(M m ) 3l = C m (J s ,fi)= (38) 

2\ d+1 1 f imf-P) 1 tt sin 2 (p fe L/2) 



JR d+1 P + m i l„ 



£2(d+l) j-^d+i F p 2_|_ m 2 ll p 2 

Let us denote the (constant) value of the diagonal elements of M m by C^, i.e. 

C L m := (M m ) u = (39) 

l) d+1 ^_[ dd+ i 1 A sin 2 ( Pfc L/2) 
tt J L 2 ( d +!) Jj^+i p 2 + m 2 ^ Q p\ 
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Proposition 2 The set 

r (m) 



Y{ m) := {^5'(R d+1 ) :]^€N s.t. 



|#/„)| < ^2(l + e)C& Inn , n > iV } (40) 
/ias nc m -nieasure one for any e > 0. 

Like in Section III. 2, we will show that the (iM m -measure of the image of n 
in M H is one. To prove this we will relate the measure //jvf m with a diagonal 
Gaussian measure of the form (|l5|). Let fXc L be the Gaussian measure in ffi. N 
with diagonal covariance matrix C^&ij. 

Lemma 1 The measures Hu m an d ^c L are mutually absolutely continuous, 
i.e. have the same zero measure sets. 

To prove the lemma we will rely on Theorem 1.23 in pag. 41 of Ref. 1 (sec 
also Theorem 10.1 in pag. 160 of Ref. 32), which gives necessary and sufficient 
conditions for two covariances to give rise to mutually absolutely continuous 
Gaussian measures. In our case, since the covariance of \xql is proportional to 
the identity, it is sufficient to show that (i) the operator T := M m — C^l is 
Hilbert-Schmidt and (ii) the operator M m is bounded, positive with bounded 
inverse in t 2 . Let us first prove that T is Hilbert-Schmidt. The matrix elements 
of T are Tu = and Tji = (M m )ji, for j ^= I. One can see from ( p^ ) that the 
off-diagonal elements of (M m )ji are the values at the points j 2 — I 2 of the Fourier 
transform of a real function /. Explicitly, 

(M ro ) i; = f d, ^ (j2 - !2) /K) , (41) 

where 



f(yo) 



2\ d+1 1 sin 2 (mii/ /2) 



d*v 1 . TT si *VW 2 ) . (42 ) 

Since both / and its derivative /' are L , one gets for the Fourier transform f 
of/: 

l/(*)l = ^, (43) 

with /' continuous, bounded and approaching zero at infinity. Therefore exists 
A > such that 

I (Mmh\ 2 < {f A p)2 , for (44) 
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and therefore 

EW^ET-T 2 ^ 00 ' ( 45 ) 

thus proving that T is Hilbert- Schmidt. Let us now prove (ii). The operator 
M m is a positive operator on £ 2 since it is given by the restriction of the pos- 
itive covariance C m on L 2 (R d+1 ) to the linearly independent system {fj}jen- 
Positivity of M m and the fact that M m = 1 + T, T being compact (in fact 
Hilbert-Schmidt), implies that M m is bounded, has a trivial kernel and therefore 
is invertible with bounded inverse (see e.g. Theorem 4.25 and open mapping 
theorem in Ref. 34). Proposition 2 now follows, given the characterization of 
the support of {i c l one gets from section [II. 1 . □ 
Using the fact that 

1 sin 2 (ap) (4g) 



P 2 



tends to S(p) when a — > oo, one sees from that 



lim L d+1 C^ n = -V ■ (47) 
l^oo m 2 



Thus, comparing (f40| ) with (|34]) we see that, in accordance with the discus- 
sion above, when averaged over widely separated large boxes (L » 1/m), the 
typical free field distribution approaches white noise with a = 1/m 2 . 

The explicitness of the mutual singularity of \ic m and fJ>c , i with m ^ 
m! now follows easily from (24), (|4^) and the fact that is a monotonous 
(decreasing) function of m. 



V Properties of the Ashtekar-Lewandowski Mea- 
sure on Spaces of Connections 

V.l Ergodic Action of the Group of Diffeomorphisms 

The diffeomorphism-invariant Ashtekar-Lewandowski measure fiAL on the space 
of connections modulo gauge transformations A/Q over the manifold S plays an 
important role in rigorous attempts to find a quantization of canonical general 
relativity. In the present section we study properties of this measure. We show 
that Diff (T,), the connected component of the group of diffeomorphisms of (the 
connected analytic manifold) E, acts ergodically on A/Q. In the next subsection 
we also obtain results concerning the properties of the support of pal- 

Let us recall the definition of (ial- We denote by a hoop [a] in E the 
equivalence class of (piecewise analytic) loops {a} based on xq e E such that 



U~(A) = U a (A) ,\/AeA, 



(48) 
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where U a (A) denotes the holonomy corresponding to the loop a, the connection 
A and a chosen point in the fiber over xq of the (fixed) principal G-bundle over E 
and A is the space of all connections on this bundle. The set of all hoops forms a 
group HQ, called the hoop groupQ. We note that for all G = SU{N) with N > 2 
the group HQ does not depend on N nor on the principal bundle!! Throughout 
the present section we will assume G to be a compact connected Lie group. 
It is well known that a connection A defines through U.(A) a homomorphism 
from HQ to the gauge group G: [a] U a (A). In fact, the space A/Q is in a 
natural bijection with the space of all appropri atefe.smooth homomorphisms of 
this type, modulo conjugation at the base pointE§E3EZl. On the other hand, and 
as expected from the example of scalar fields, the measure hal lives in a space 
bigger than the classical space A/Q. This is the space of all, not necessarily 
smooth or even continuous, homomorphisms from HQ to G modulo conjugation, 
denoted by A/Q EfQ. The space A/Q of smooth classes [A] was shown to be of 
zero measure in ^4/£? H. In the next subsection we will deepen this result. 

The measure \ial is, as in the scalar field case, completely specified by giving 
the result of integrating the so-called cylindrical functions, which in this case 
are gauge-invariant functions of a finite number of parallel transports along 
(analytic embedded) edges 

f(A)=F(A(e 1 ),...,A(e n )) , (49) 



where different edges may intersect only on the ends and A A, the space of 
all connections realized as parallel transports in a natural wayO'tll. The measure 
Hal is then defined by 

/ dnALf(A) = dg 1 ...dg n F(gi, ...,g n ) , (50) 

J A/Q JG n 

where dg is the normalized Haar measure on G. 

The group Diff a (S) has a natural action on A which leaves /ial invariant 

(p*A(e) :=A(ip-e). (51) 



As we have seen in section II. 2 this action induces a unitary action of Diff (E) 
onL 2 (A/Q,dHA L ) 

(U v f) = f{v*AY (52) 

Consider now the so called spin-network staiesEEii'B {T s } , indexed by triples 
s = (7, 7r, c), where 7 is a graph, ir := (tti , . . . , 7r n ) is a labeling of the edges of 7 
with nontrivial irreducible representations 7^ of G and c:= (ci, . . . , c m ) is a label- 
ing of the vertices Vi, . . . , v m of 7 with contractors Cj, i.e. nonzero intertwining 
operators from the tensor product of the representations corresponding to the 
incoming edges at Vj to the tensor product of the representations associated 
with the outgoing edges. The unitary action of Z?z// (S) on the spin-network 
states is particularly simple, being given by 
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or, in short 

U V T S = T vs , (54) 

where ipy is the image of the graph 7 under the diffeomorphism ip and ipir and 
ipc are the corresponding representations and contractors associated with tpj. 
A crucial property is that the contractors can be chosen in such a way that the 
spin-network states form an orthonormal basis on L 2 (A/Q, d/x^L )Eac3'Eil. We 
will assume that this has been done to prove the following 

Theorem 1 The group Diff (Y,) acts ergodically on A/Q, with respect to the 
measure fiAL ■ 

To prove the theorem, we will show that the only Diff (£)-invariant vector on 
L 2 (A/Q, oI^lal) is the constant function. Therefore there can be no measurable 
Diff (S)-invariant subsets of A/Q with measure different from zero or one. 

Using the completeness of the spin-network states, every ip e L 2 (A/Q, oI/ial) 
can be represented in the form 

</> = 5> s T s , (55) 

where no more than countably many coefficients c s are nonzero. Since for any 
s and any diffeomorphism ip, T vs belongs to the same orthonormal basis (ips ^ 

is Diff (E)-invariant if and only if 

c vs =c s V<peDiff (Z). (56) 

A L 2 -vector cannot have more than finitely many equal coefficients, and since 
for every nontrivial spin-network (with nontrivial graph and representations) 
there is an infinite (actually uncountable) number of (distinct) spin-networks in 
the orbit 

Di// (£) s := {ips , ip G Diff a {Y)} , (57) 

we conclude that an invariant ip in ( |55|) is necessarily constant almost every- 
where. □ 

From the proof it follows that if H is a subgroup of Diff (£) s.t. the ii-orbit 
Hs through every nontrivial spin-network s is infinite, then H acts ergodically 
on A/Q. So for example 

Corollary 1 If £ = R N or £ = T N the measure space (A/Q, Hal) admits 
the ergodic action of subgroups H of Diff a (T,) isomorphic to Z. 

For £ = ]H N we take the Z-subgroup of Diff (£) generated by tp : 

<p (x\...,x N ) = (x 1 +u J 1 ,...,x N + lu n ) , (58) 

where (oj 1 , . . . , lu n ) is a fixed non- vanishing vector in R w (recall that spin- 
networks are defined here only for finite graphs). If £ = T N wc take in ([38]) 



T vs _L T s ), we conclude that ip in (55 
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the vector (to , u> ) to have (at least) two irrational and incommensurable 
components, where (x 1 , . . . , x N ) are now mod 1 coordinates of T N . In both 
cases for every nontrivial spin network s, {<PqS, n £ Z} contains an infinite 
number of distinct spin networks and so the group , n £ Z} acts ergodically 
on (A/G,hal)- □ 

V.2 Support Properties 



As we mentioned in the beginning of section V.l the space A/Q of smooth con- 
nections modulo gauge transformations is contained in a zero_measure subset 
of A/Q, the space where the measure [ial is naturally definedBEm. The latter 
space is naturally identified with the space of all (not necessarily continuous) 



homomorphisms from the p. 
jugation at the base pointt 



loop group TiQ to the gauge group G modulo con- 
In the present subsection we deepen the result of 
Ref. 8 by showing that the parallel transport of a /x^-typical connection A £ A 
along an edge e leads to a nowhere continuous map 

<?(•) : [0, 1] — > G . (59) 

Indeed let e : [0, 1] — > S be an arbitrary edge and consider for s £ [0, 1] the 
part of the edge e s given by 



We then have a map 



e s (t) =e(st) , ie [0,1] . 

v : A -» G [0 < 1] (60) 
i ^ , vj(s) := A(e s ) , 

where G' ' 1 ' denotes the space of all maps from [0, 1] to G. By choosing in 
G^ 0,1 ! the standard product space topology and as algebra of measurable sets 
the Borel cr-algebra the map v becomes measurable. 

It is easy to see that, due to the properties of the Haar measure, the push- 
forward v^/ial of [ial^ to G^ ' 1 ' is a product of Haar measures, one for each 
point s £ [0, 1] : 

dv{g{-)) = v*dfi A L = Yi d d( s ) ■ ( 61 ) 

s£[0,l] 

The main result of this subsection is the following 

Theorem 2 The measure \xal is supported on the set W of all connections A 
such that v is everywhere discontinuous as a map from [0, 1] to G. 

Since W — v~ 1 (Wi), where 

Wi = {#(•) £ G [0 - 1] , s.t. g(-) is nowhere continuous} , (62) 
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it is sufficient to prove that the complement of W\ , 

W1 = {<?(•) e G [0 ' 1] : 3s G [0, 1] s.t. g(-) is continuous at s } , (63) 

is contained in a zero v- measure subset of G^ ' 1 '. Consider the sets 

9^ = {. 9 (0 G : 3/ s.t. g(I) C C/} , (64) 

where U is a (measurable) subset of G with < ^h{U) < 1 {hh{U) denoting 
the Haar measure of U) and I is an open subset of [0, 1]. We need the following 

Lemma 2 For every U C G with < llh{U) < 1 the set ®u is contained in a 
zero measure subset ofG^l 

To prove the lemma recall that the open balls 

B(q,l/m) = {s e [0,1] : |s-g|<l/m} (65) 

with rational q and integer m are a countable basis for the topology of [0,1]. 
Thus @u is the countable union of the sets 

&u, g ,m := {5(0 G Gl ' 1 ] : g(B(q, l/m)) dU), q e Q, m e N . (66) 

It is easy to construct zero measure subsets containing &u,q,m- F° r this fix an 
infinite sequence {si}°^ 1 C S(g, l/m) of distinct points, ^ Sj for i 7^ j. Then 
the set Z = {g( ) & G^ ' 1 ^ : g(si) £ U , ieN} contains &u,q,m and has zero 
measure: 

v(Z) = lim (MU)T = . 

n^oo 

From the cr-additivity of v we conclude that, for every subset U C G with Haar 
measure less than one, the set By is contained in a zero ^-measure subset. □ 

We can now conclude the proof of the theorem. Let us choose a number 
r, 0<r<l and a finite open covering {f»}f =1 of the compact group G with 
^h(Ui) = r , z = l,..., fc. This is clearly possible since we can take a neighbor- 
hood of each point with measure r and then take a finite sub-covering. Consider 
g(-) G Wf . Then there exists a sq G [0, 1] such that g(0 is continuous at So- Let 
io be such that g(s ) G Ui . Continuity implies that there exists a neighborhood 
I of s such that g(I) C Ui and therefore we have W-f C LljLjO^ . □ 

VI Conclusions and Discussion 

The knowledge of the support of measures on infinite dimensional spaces, used 
in quantum field theory, gives a grasp on the behavior of typical quantum field 
configurations associated with these measures. This may be important for a 
better understanding, both from the physical and mathematical points of view, 
of problems afflicting interacting theories like the problem of divergences. 
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The Bochner-Minlos theorem is very effective in capturing linear properties 
of the support of measures on the space <S'(R d+1 ) of quantum scalar field config- 
urations (the support is a linear subspace of 5 / (M <i+1 ) spanned by configurations 
with a given norm finite). It allows e.g. to distinguish the support of the mea- 
sure /xc m j corresponding to free scalar field theory with mass m, from that of 
the white noise measure. However this theorem would predict the same support 
for the measures \ic m an d (J-c , with m ^ rn! even though these measures must 
have disjoint supports. The latter is due to the fact that any one parameter 
subgroup of translations of R d+1 acts ergodically on <S'(R d+1 ) with respect to 
both measures. The above two claims do not contradict and rather complement 
each other since the subset of a "support" which is thick, i.e. such that any 
measurable subset of its complement has measure zero, is also a (finer) support 
for the same measure. So, to distinguish between \ic m and \^c m , , one has to find 
properties of the supports which complement those given by the Bochner-Minlos 
theorem. Support properties of nc m were studied in Refs. 26 and 27 (see also 



Refs. 28, 29 and 30). Our goal in section IV. 2 consisted in showing that a simple 



system of random variables can be used to study the difference of supports of 
Hc m an d ^c m , for large distances. This simplifies part of the results of Refs. 26 
and 27 and makes them physically more transparent. 

The^usej-Qfj-the AL measure in attempts to construct a quantum theory of 
gravitya"t3'CJ"Eil justifies the importance to study its properties. In section [v| 
we improved the results of Ref. 8. We fixed an arbitrary edge e, or equivalently 
a piecewise analytic curve on S, and considered the random variables given by 
A i ► A(e s ), where A is a quantum connection, e s represents the edge e up to 
the value s £ [0, 1] of the parameter and A(e s ) is the parallel transport corre- 
sponding to A and e s . These random variables were suggested to the authors by 
Abhay Ashtekaiiand were motivated by studies of the volume operator in quan- 
tum gravityl3~E3. Varying s we obtain a (measurable) map v from the space of 
quantum connections A to the space G' ' 1 ' of maps, g(-) : [0,1] — > G. The AL 
measure becomes, by push-forward, an infinite product of Haar measures. Using 
this we have shown that for a typical /i^-connection A the parallel transport 
A(e s ) is everywhere discontinuous. 

We also showed that Diff (T,) acts ergodically on A/Q with respect to the 
AL measure. The importance of this stems from the fact that in quantum 
gravity one has to solve the diffeomorphism constraint and therefore naively 
one would have to take functions on the quotient 



A/g/DifWE) 



The ergodicity of the action of Diff (T,) on A/Q implies that the only solution 
to the diffeomorphism constraint in L 2 (A/G,dfiAL) is the constant function. 
This explains why in Ref. 11, and even though A/G is compact, one had to 
use distributional elements to solve the diffeomorphism constraint. If the action 
were not ergodic one would have diffeomorphism invariant measurable subsets 
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of A/Q (pre-images of sets in A/G/Diff (E)) with /Mi-measure different from 
zero or one. The characteristic functions of these sets would provide L 2 solutions 
to the diffeomorphism constraint. 
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